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Abstract

A formulation is introduced here for the evolution of correlation functions in an inelastically deforming two
phase medium. Probability functions play a major role in describing the statistical distribution of di�erent phases in
a heterogeneous medium in the development of statistical continuum theory. Proper formulation of statistical

continuum model for inelastic deformation requires better understanding of the evolution of the corresponding
probability functions. A two point probability function representation is used to approximate the statistical
correlation functions. The evolution of these functions requires the information from higher order probability

functions, in this case, a three point probability function. A decomposition of this three point probability function is
required for the simulation of the statistical model. The results were compared with experimental data. # 1999
Elsevier Science Ltd. All rights reserved.

1. Introduction

Statistical continuum theory for the treatment of the e�ective elastic properties of materials was
initiated independently by Volkov and Klinskikh (1965), Lomakin (1965), Beran and Molyneux (1966)
and KroÈ ner (1967). Later, Beran (1968), Lomakin (1970), KroÈ ner (1972, 1977, 1987) and McCoy (1981)
extended this theory to obtain better approximations to the e�ective properties of random
microstructures. The application of the statistical theory has found more interest in the prediction of
large deformation of polycrystalline metals as compared with composite materials. Such e�orts provided
an alternative to other popular methodologies, like the self-consistent model (Molinari et al., 1987).

Statistical continuum theories are based on proper representation of statistical distribution functions.
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Most of the work in this area concentrated on the incorporation of probability functions into elastic and
crystal plasticity problems (KroÈ ner, 1987). The properties of the probability functions themselves and
their proper formulation in this area has received little attention in the past (Adams, 1986; Wang et al.,
1990). A theory for statistical mechanics analysis of viscoplastic behavior in heterogeneous polycrystals
has been presented by Adams et al. (1989). The formulation used the two Green's function solution
presented by Molinari et al. (1987) to formulate the local correlation functions. A methodology for the
evolution of the probability functions was also proposed in that work. Recently, a simpli®ed statistical
model was presented by Garmestani et al. (1998) to apply the statistical model to an inelastically
deforming composite structure. In that work the evolution of the microstructure was totally ignored and
it was further assumed that the probability functions remain constant during deformation. Similar to the
previous work, two point probability function are used to represent the heterogeneity. In the present
paper the evolution of the probability functions is investigated in detail. The understanding of this
process is important in the predication of mechanical properties of a heterogeneous medium especially
for large deformation processes. Di�erent well known examples of a two-phase composite material are
chosen in the present work and their probability functions are characterized. The two phases chosen
resemble a hard±soft composite. The second phase (®ber, reinforcement,...) distribution and morphology
is represented by the two point probability functions. The strain rate is taken to be proportional to the
resolved local shear stress raised to a power which is di�erent for the two constituents. Contributions to
the strain rate due to elasticity are neglected. A two-Green's function solution to the equations of stress
equilibrium, originally proposed by Molinari et al. (1987), is utilized to obtain the constitutive law for
the heterogeneous medium. This relation links the local velocity gradient to the ®elds of the local
viscoplastic modulus and macroscopic velocity gradient. The concepts of statistical continuum theory
are introduced into the localization relation to obtain a closed form solution. The resulting model
calculates an e�ective modulus for the two-phase composite medium.

Analytical forms for the two-point and three-point probability functions to describe the distribution
and morphology of a two-phase composite material have been presented earlier by Corson (1974). In
that work, an exponential function has been used for the two-point and higher order probability
functions. Such a formulation assumes that the probability function is independent of orientation which
is not necessarily correct. The orientational dependence can be incorporated by generating the
probability functions for some important orientations. The generalized form for the two point
probability function, based on spherical harmonics, was introduced earlier by Adams et al. (1987). The
use of such a general function may not be necessary in most cases and simpler forms, based on an
extension of the form used in this paper may be adequate. The use of a closed form formulation is
necessary for faster simulation of the evolution process.

A methodology based on the divergence theorem originally proposed by Adams et al. (1987) is used
here to formulate the evolution of the two-point probability function. The numerical simulations are
compared to experimental results to investigate the validity of the model. An aluminum based composite
material reinforced with SiC particulates was chosen here to acquire the experimental data. Several
composite specimens were deformed inelastically to di�erent strain levels. The specimens were then
examined and the correlation functions were extracted digitally. This information was then compared to
the theoretical simulations using the statistical model.

2. Statistical formulation and probability functions

The nonlinear constitutive law for the viscoplastic behavior of individual constituents in the composite
may be expressed as
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Dij �Mijkl�S,h�Skl, �1�
where Dij is strain-rate, Skl is the deviatoric Cauchy stress and Mijkl denotes the instantaneous
compliance tensor which depends upon the stress and the local state variables denoted by h. Because the
composite only includes two phases, h has two values associated with the two phases. The inverse
relationship for stress and strain-rate is given as

Sij � Nijkl�D,h�Dkl � Nijkl�D,h�vk,l, �2�
where, N=Mÿ1, vk,l is the velocity gradient tensor.

The elastic strain is neglected, and incompressibility is imposed globally to give vi,i=0. Combining this
condition with the equilibrium equations (sij,j=0) of the local Cauchy stress (sij=Sij-pdij, where p is the
hydrostatic pressure), a simultaneous set of partial di�erential equations containing four equations and
four unknowns (three v's and one p ) is obtained. Assuming that the medium is unbounded and subject
to a uniform macroscopic velocity gradient �v i,j, the Green's function method can be used to solve this
set of equations. The local velocity gradient can then be expressed as

Lik�r� � �Lik �
�

r 02V
Gij,kl�rÿ r 0� ~Njlrs�L�r 0�,h�r 0��Lrs�r 0�dr 0, �3�

where Lik=vi,k, G is the Green function that is calculated using the average moduli
�

N� ÅL ,h� f�h�dh, ÄN is
the so-called polarized modulus which is de®ned by the following:

~Nijkl � Nijkl ÿ
�
Nijkl� ÅL ,h� f�h�dh, �4�

where h represents the local state variable which determines the secant moduli, f(h ) is the one-point
probability density for the occurrence of state h in the medium.

In short notation, Eq. (3) is written as L � ÅL �G � ÄNL. Assume that local velocity gradients are not
far from the macroscopic velocity gradient: j�vi,j ÿ �v i,j �= �v i,jj<1 for all i, j. Then Eq. (3) can be expressed
in a Taylor series expansion about ÅL as

L � ÅL �G �
�
� ÄN ÅL � � @ � ÄNL�

��
L� ÅL �Lÿ ÅL � � 1

2!
@2� ÄNL�

��
L� ÅL �Lÿ ÅL �2 � . . .

�
, �5�

where

@� ÄNL�jL� ÅL �
@� ~NijklLkl�
@Lrs

�����
L� ÅL

and @2� ÄNL�jL� ÅL �
@2� ~NijklLkl�
@Lrs@Ltu

�����
L� ÅL

:

In the following, the concept of statistical continuum mechanics will be introduced through the
ensemble averaging of the quantities de®ned in the equations above. Such averaging processes
require the introduction of two higher order probability functions for the ®rst and higher order
corrections. It will be shown that the calculation of the ®rst order correction requires the use of two
point correlation functions, whereas the second order correction requires the information on the
three point probability functions. This paper is primarily focused on the contribution of the two
point correlation functions in the evolution of heterogeneous microstructures. In the ®nal analysis,
the second order correction was calculated using an iterative method and was found to be negligible
compared to the ®rst-order correction for the microstructures chosen in this study. As a result, we
focus our attention to the ®rst-order correction to the homogeneous Taylor's assumption (Taylor,
1938). Then, Eq. (5) becomes:
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L � ÅL �G � ÄNL: �6�
Taking the ensemble average of the two sides of Eq. (6):

hL�r�ihn � ÅL �G�rÿ r 0� � h ÄN � ÅL ,h�r 0��ihn ÅL : �7�
Here, hL�r�ihn prescribes the partial ensemble average of the local velocity gradient in particles of state

hn. In other words, h ÄN �L,h�r 0��ihn is the ensemble average of the polarized modulus in particles at r ',
given r $ hn, and the subscript n = 1, 2 for the two phases. In this paper, h has two values: h1 and h2,
representing phase 1 and phase 2 in the medium, respectively; then:

h ÄN �L,h�ih1 � f �r 0 2 h1jr 2 h1� ÄN1� ÅL � � f �r 0 2 h2jr 2 h1� ÄN2� ÅL � �8�

h ÄN �L,h�ih2 � f �r 0 2 h1jr 2 h2� ÄN1� ÅL � � f �r 0 2 h2jr 2 h2� ÄN2� ÅL �: �9�

In general, h ÄN � ÅL ,h�r 0��ihn can be described in terms of the conditional 2-point probability function of
state h as

h ÄN � ÅL ,h�r 0��ihn �
�
f
ÿ
r 0 2 hjr 2 hn

�
ÄN � ÅL ,h�dh, �10�

where f(r ' $ h|r $ hn ) is the probability that r ' belongs to state h given r is at state hn. It is easy to note
that the solution to this problem lies in the existence of the proper probability functions for a speci®c
medium. For the two-isotropic-phase medium used in this paper, Corson's (Corson, 1974) exponential
form is assumed to be su�cient to represent the correlation functions.

Pij�r� � aij � bij exp
ÿÿ cijr

nij
�
, �11�

i= 1,2, j = 1,2. Pij(r ) is de®ned as the probability for the occurrence of one point in phase i and the
other point (which is located at a distance, r, away) in phase j. It is easy to see that the equation is
isotropic or Pij is only a function of the magnitude of rÿr ', as shown in Eq. (7). The statistical
parameters, aij and bij, are material constants that can be found from the limiting conditions of the
variable r. These limiting conditions refer to r equal to zero and in®nity and that reduces the two point
probability functions to one point probability functions or volume fractions V1 andV2 for the two
phases (Table 1). These two constants do not change during deformation. The parameters, cij and nij,
however, depend on the microstructure distribution and will change during the evolution process.

The two constants, cij and nij are empirically determined by a least mean square ®t to the measured
probability data in Eq. (11). These material constants are calculated for speci®c microstructures and
only change during evolution (deformation). The numerical routine involves the calculation of the
probability functions Pij(r )for the initial microstructure using the procedure explained in this paper.
These probability functions are calculated in terms of the distance, r. In the procedure which follows, it
will be shown that what evolves during the numerical routines are the microstructures that are stored in
the form of probability functions. The evolution is then de®ned in terms of changes in r and, for each r,
there is a corresponding probability function. In the following, the evolution of any length vector is
described using the three point probability functions. The numerical ®t is then performed by ®nding the
corresponding materials constants, cij and nij, for this change by keeping the probabilities the same for
the ®nal values of r.

The relation between f, a conditional probability, and Pij, absolute probability, is shown in the
following equations:
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f
ÿ
r 0 2 h1jr 2 h1

� � P11

V1
,

f
ÿ
r 0 2 h2jr 2 h1

� � P12

V1
,

f
ÿ
r 0 2 h1jr 2 h2

� � P21

V3

f
ÿ
r 0 2 h2jr 2 h2

� � P22

V2
: �12�

Table 1 shows the limiting conditions on the two-point probability functions.

3. The evolution of two-point probability functions

The probability functions represent the distribution and morphology of the microstructure in a
heterogeneous material (composites) in a statistical continuum mechanics scheme. As the microstructure
deforms, the probability functions are expected to evolve and, for a composite material, the evolution is
incorporated in the changes with shape and distribution of the second phase.

Referring to Fig. 1, vector e originates from state h and terminates at state h '. The rate of change of

Table 1

Limiting conditions on two-point probability functions

Boundary conditions Resultant coe�cients

Pij r= 0 r41 aij= bij=

P11 V1 V 2
1 V 2

1 V1V2

P12 0 V1V2 V1V2 ÿV1V2

P21 0 V1V2 V1V2 ÿV1V2

P22 V2 V 2
2 V 2

2 V1V2

Fig. 1. De®nition of parameters associated with the evolution equations.
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the magnitude of e can be written as

hÇeih,h 0 �
�
hL�r0�ih,h 0 � de, �13�

where hL�r0�ih,h 0 is the local strain rate represented by vector r0 when the point represented by vector r
which belongs to state h and the point represented by vector r ' belongs to state h '. Consequently, a
three-point probability function is needed to obtain the value for hL�r0�ih,h 0 from hL�r0�ih0, which is
derived from the two-point probability functions, as shown in the following.

hL�r0�ih,h 0 �
�
f3�h0,r0jh 0,r 0,h,r�hL�r0�ih0 dh0

� f3�h1,r0jh 0,r 0,h,r�hL�r0�ih1 � f3�h2,r0jh 0,r 0,h,r�hL�r0�ih2 : �14�

Here, f3(h0,r0|h ',r ',h,r) is a three-point probability function and corresponds to the probability of
occurrence of state h0 at r0, given that state h and h ' occur at r and r ', respectively. hL�r0�ih1 and
hL�r0�ih2 indicate the ensemble averages of the strain rates of state h1 and h2, respectively.

An approximation for the decomposition of the three-point probability function using the two-point
probability functions is introduced here as

f3�h0,r0jh 0,r 0,h,r� � x1

x1 � x2
f2�h0,r0jh 0,r 0� � x2

x1 � x2
f2�h0,r0jh,r�, �15�

where x1 and x2 are the magnitudes of the vectors represented by |r0ÿr| and |r0ÿr '|.
Once the rate of change of the magnitude of e is obtained by Eq. (13), it can be integrated as shown

by Eq. (16), to provide the change in the magnitude of e.

hDeih,h 0 �
�t
0

hÇeih,h 0dt: �16�

The result of the simulation in the evolution of the probability function can now produce the
parameters cij and nij in Eq. (11). aij and bij are only dependent on the volume fractions of the two
phases (see Table 1) and, as a result, they do not change. Only the empirical constants cij and nij evolve
with loading. These constants are determined by ®tting the new r values (as the magnitude of e) for the
same probability functions as in Eq. (11). As a result, a simultaneous set of equations in terms of
di�erent r inputs is obtained. The new unknown parameters, cij and nij, can now be solved from this set
of equations.

4. Simulation and results

To better understand the behavior of the probability functions during deformation, two examples are
chosen for this investigation:

1. a computer generated microstructure, and
2. a SiC reinforced composite material.

In the case of the aluminum/SiC composite material, the microstructures of the inelastically deformed
microstructure were scanned and the corresponding probability functions were interpolated. The
composite materials were available only for a speci®c volume fraction. As such, the behavior of the
probability functions for di�erent volume fractions could not be investigated. A computer generated
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microstructure can be used for such an investigation. In the following, the result of the simulation for
the two cases are explained in detail.

4.1. Computer generated microstructure

A 2-D composite microstructure (Fig. 2) is generated by allocating centers of circles of radii r at
random locations until a speci®c volume fraction is reached. The theory provided in this paper can be
applied only to a 3-D microstructure. The 2-D composite microstructure is then further extended to a 3-
D microstructure by assuming that the statistics in the third dimension is the same as the ones for the 2-
D composite. This implies that the same initial empirical constants cij and nij are used for all directions.
For each phase in a two-isotropic-phase medium, the modulus Nijkl Eq. (2) is derived from a power-

law steady-state creep (Hutchinson, 1976).

Nijkl �
"
2

3

s�

D�

�
D

D�

�mÿ1
#
Iijkl, �17�

where D � and s � are the strain-rate and stress invariants for the reference con®guration, m is the strain
rate sensitivity parameter, D is the invariant of the strain-rate tensor and Iijkl=1/2(dikdjl+dildjk ) is the
isotropic fourth rank tensor.

The parameters chosen for the ®rst phase and the second phase in the medium have the relationships
with each other as s�1:s

�
2 � 1:3, n1:n2=1:2.5 and D�1:D

�
2 � 1:1. Three volume fractions for the second

phase are chosen (0.38, 0.58 and 0.17). Then we obtain three sets of numerical results for the evolution
of parameters of the probability function Eq. (11) with increasing strain. A macroscopic strain ®eld is
imposed here in the form of uniaxial tension. The ®nal strain along the tension direction is 1.0 (in./in.)
and the increment of strain for numerical processing is 0.02 (in./in.).

Fig. 3(a±f) display the results for the study of the evolution of the probability parameters as a
function of strain (or during evolution). Because the shape of the second phase is constantly changing,
the trend in the evolution of parameters are not exactly the same along di�erent directions. In ®gures
below, for each volume fraction of the second phase, the results of the two perpendicular directions
(axial and transverse) are shown for all parameters. This di�erence in the trend of the evolutionary
process results in the expected macroscopic anisotropy of the medium. The reason for such a behavior is
that while the second phase is elongated along the tensile direction at higher strains, the average
distance between the second phases decreases. Fig. 4 shows the changing trends of macroscopic stresses
on the tensile properties for three volume fractions. At constant strain rate and at a low volume fraction

Fig. 2. The microstructure of a two-isotropic-phase medium.

S. Lin et al. / International Journal of Solids and Structures 37 (2000) 423±434 429



Fig. 3. (a±f) cij and nij evolutions with strains (numerical).
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of the second phase (0.17) the macroscopic e�ect is trivial because of the negligible shape changes of the
second phase. For higher volume fractions, an apparent work hardening behavior is observed.

4.2. Inelastic deformation of Al/SiC composite

A particulate reinforced composite (Al/SiC) material is chosen for the purpose of this study. Tensile
specimens were machined from this composite and were deformed at a rate of 10ÿ4 secÿ1 and at a
temperature of 3008C. Four specimen were pulled in tension to the strains of 10%, 30%, 50% and
100%, respectively. The microstructure of the strained materials was then investigated microscopically
and the results are presented in Fig. 5(a±d). The micrographs were digitally scanned and the
microstructures were statistically processed to provide the parameters cij and nij in Eq. (11). Fig. 6(a±f)
shows the evolution of the microstructure as a function of inelastic strain as is measured in the
experimentally evaluated parameters cij and nij. 08 and 908 in the ®gures represent tension and transverse
directions respectively. Comparing with Fig. 3(a±f), it is clear that the experimental results display the
same evolutionary behavior with the numerical results. The calculation for cij shows a general decrease
for the 08 direction and an increase for the 908 direction. This is in agreement with the simulation. The
results for the nij show an insensitivity for the low levels of strain (up to 30%), also in agreement with
the simulation. As the strain levels increase, there is a split in the measured nij values from a more
random initial microstructure. For the n11 values there is an increase for the 08 direction and decrease
for the 908 direction. The reverse behavior was measured for the n12 and n22 resultsÐa decrease for the
08 direction and increase for the 908 direction.

5. Conclusion

Proper formulation for the evolution of probability function is very essential to the application of the
statistical continuum mechanics model to heterogeneous microstructures and their evolution. The result
of the investigation performed in this paper presents a clear indication that two point probability
functions may be adequate in the representation of the distribution of certain microstructures. The

Fig. 4. Microscopic stress change vs. strain.
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Fig. 5. (a±d) Al±SiC material con®gurations after 10%, 30%, 50% and 100% strain.
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methodology presented here uses a very simplistic formulation for the probability functions and can be
thought as an initial attempt. The use of the Secant Modulus and a power law for the inelastic behavior
of materials provided a means to investigate the e�ect of two point probability functions in the
evolution of microstructures. The results show that better approximations can be provided to the
e�ective properties of materials using the two point probability functions for some distributions of
heterogeneous microstructures. It is however realized that working with the Secant Modulus is not
necessarily the best choice. A tangent modulus formulation can soften the global response of the

Fig. 6. (a±f) cij and nij evolutions with strains (experimental).
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material. The evolution of the microstructure resulted in an apparent change (increase) in the e�ective
properties exhibiting an apparent work hardening behavior. A general behavior was discovered for the
probability functions for several volume fractions of a computer generated randomly oriented two phase
composite. This point was proved experimentally for the case of an Al/SiC particulate composite. An
orientation dependent probability function would be desirable to represent more complex
microstructures and for relatively large-deformations.
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